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We have constructed a set of non-Hermitian operators that satisfy the commutation relations of 
the 5'0(3)-Lie algebra. It is shown that this operators generate rotations in the configuration space 
and not in the momentum space but in a modified non-Hermitian momentum space. This generators 
are related with a new type of spherical harmonics that result to be "PT-orthonormal. Additionally, 
we have shown that this operators represent conserved quantities for a non-Hermitian Hamiltonian 
with an additional complex term. As a particular case, the solutions of the corresponding PT- 
Hydrogen atom that includes a complex term are obtained, and it is found that a non-Hermitian 
Runge-Lenz vector is a conserved quantity. In this way, we obtain a set of non-Hermitian operators 
, that satisfy the 5'0(4)-Lie algebra. 
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I. INTRODUCTION 

i-C . Quantum mechanics is considered as one the most solid and well established theories in physics. Different 
experiments have corroborated its predictions. However, at a theoretical level there are different facts that make us 
think that it could be necessary to modify or extend this theory. For example, it has not been possible to find a 
consistent quantum-mechanical formulation of general relativity, then quantum theory maybe modified in order to 
make it compatible with general relativity. 



As it is well known, quantum mechanics has been formulated in terms of Hcrmitian operators in order to obtain 
i , real spectra. However, it has become clear that Hermiticity is not a necessary condition to obtain real spectra. This 
^ ' opens the possibility for quantum mechanics to be extended using non-Hermitian operators, this is the so called 
O'N , PT-symmetry theory, see review [l[ and its references. 

i> . 

The PT-version of quantum mechanics has strongly attracted attention because it gives a way to deal with some 
problems that are out of the scope of conventional quantum mechanics. For example, we can solve certain kind of 
problems in which the potentials are given by complex- valued functions and whose spectra results to be real In 
the same way, using this formulation it has been possible to achieve a consistent quantization of a system with high 
order derivatives: the so called the Pais-Uhlenbeck oscillator model [3j|. This opens the possibility to construct in a 
consistent way high order derivatives field theories. This fact is important because different theories with high order 
derivatives have been recently proposed, for example, in extensions of the standard model Q, in the noncommutative 
spaces Q and gravity theories [f| . In this way, it becomes possible that an extension of PP-symmetry theory applied 
to field theory can give a consistent description of these systems. 



There is not a finished version of the theory, however, a growing number of themes are under study in the 
VT- framework, some of them can be found An aspect that has been scarcely treated in the PP-context is the 
study of symmetries and conserved quantities. In this work, we will study some aspects of this topic. We will obtain 
a non-Hermitian set of operators that satisfy the commutation relations of the Lie 5*0(3) rotation group. It will 
be shown that these operators generate rotations in the configuration space and not in the momentum space 
p = — iV but in a modified non-Hermitian momentum space pt = p+ iVf, originally considered by Dirac in his 
seminal book Q. Also, we will show that the Casimir of the algebra has real spectra and that its eigenfunctions, 
under the PP-inner product, form a complete basis. This eigenfunctions will be called PP-spherical harmonics. 
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Additionally we will study a central potential Hamiltonian with an additional complex term. It will be shown that 
the conventional angular momentum is not a conserved quantity anymore and we will have a modified non-Hcrmitian 
angular momentum operator. As a particular case, we obtain the solutions of the corresponding PT-Hydrogen atom 
that includes a complex term, and it will be found that a non-Hcrmitian Runge-Lenz vector is a conserved quantity. 
Then we will have the non-Hermitian generators of the 5 l O(4)-Lie algebra. 

This work is organized as follows: section II make a brief review of P7~-theory and of conventional spherical 
harmonics, in section III we study the P7~-rotations, in section IV we study the completeness relation and some 
examples, section V is devoted to the study of symmetry transformations, in section VI we deal with the central po- 
tential problem, in section VII we will study the Hydrogen atom and at last we conclude with a summary of our results. 



II. PT-SYMMETRY AND SPHERICAL HARMONICS 



In this section, a review of some well known facts of P7"-symmetry theory and spherical harmonics is made before 
consider the PT-transformed version of this functions 



A. PT-Inner product 



PT-theory considers the transformations under the parity operator V and the time reversal operator T. Under the 
P-operator we have the transformation 

x, y, z ->• -x, -y, -z (1) 

and under T 

i -> -i (2) 

In this way, any function f(x) can be transform as 

PT (/(£)) = /*(-£). (3) 
Note that, in spherical coordinates P produces the transformation 

(r,O,(p)->(r,ir-0,tp + ir), (4) 

under Pa/ function transforms as 

P(f(r,6,<p))=f(r,n-6,<p + n), (5) 

therefore 

VT(f(r,6,Lp)) = f*(r,ir-6,Lp + Tr). (6) 
Now, the PT-inner product is defined as 



(/Iff) = J dx[VTf(x)}g(x). (7) 
This expressions will be used in sections bellow. An exhaustive study of the PT-theory can be found in [l[ . 



B. Spherical Harmonics 

The angular momentum components are given by the Hermitian operators [i| 

( d d\ T fd d\ T fd d 

L * = -i[ V-F. z ^r i L y = -i\ z- x— ) , L z = -i[ x- y— 

\ oz oy J \ ox oz J \ oy ox 
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Its algebra is given by 

[L x ,L y ]=iL z , [L Z ,L X ] — iL v , [L y ,L z ]=iL x . (8) 

Considering L 2 = L 2 + L 2 + L 2 and Eq. (|SJ , we have 

[L 2 ,L X ] = [L 2 ,L y ] = [L 2 ,L Z ] = 0. (9) 

An important equation in mathematical-physics is the eigenvalue equation L Yi m = 1(1 + l)Y/ m , I = 0, 1, 2 • • • , that 
in spherical coordinates is written 



L 2 Y lm (9,ip) = - 



1 9 ( ■ a dY lm (0,<p)\ , 1 d 2 Y lm (e,v) 



sinf? 



sin 9 89 \ 89 J sin 6 2 dip 2 

= l(l + l)Y lm (6, v ). (10) 

If (f € (0, 2ir) and 9 6 (0, 7r), the solutions of this equation are given by the spherical harmonics [l(| 



with 



jm i J, 

1 = 0,1,2,3..., jt(«) = (-r(i-« 2 )-— p.N, W = ^i^r( u2 - 1 ) 1 ( 12 ) 

where P/™(u) denoted the associated Legendre polynomials and P(it) the Legendre polynomials respectively. The 
spherical harmonics satisfy the orthonormality relation 

< yjw^^l^m^v) >= [dSlY? m ,(0,<p)Y lm (6 ) <p) = 6 mm >6 V i. (13) 



Given that the spherical harmonics constitute an orthonormal basis, we can write any function F(0, ip) as a linear 
combination of them, that is 

i 

F(6, V)=J2Y, C lmYlm(e, <p). (14) 
l>0 m=-l 

Using Eq. ([15]). we find 



C lm = J dQY i ; n (9,i P )F(9,i P ). (15) 
Substituting C; m in Eq. (TUT) and making the change of variables u' = cos 6*', it = cos# we obtain 

F(9,<p)= [ dip [ du'F(u',<p') \ T E Yi* m (u',<p')Y lm (u,<p) 

Ja J - 1 \»>0m=-l 

Therefore, the expression inside the parenthesis must be equal to S(ip — ip')8(u — u'), that is 

l 

E E YC m (9',4>')Y lm (9,<j>) = 5(4>-4>')5( C oB9-co S 9 l ), (16) 

;>o m=-l 

this expression is called completeness relation. 

Under the parity operator the spherical harmonics transform as 

V (Y lm (6, p)) = Y lm (7r -0,<p + ir) = (-) l Y lm (9, ip), (17) 
and under the PT-operator, we have 

VT (Y lm (9, ip)) = Y t * m (7r -9,v + tt) = (-)'!£, (*> ip). (18) 
This results will be used below. 
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III. VT AND ROTATIONS 

Given any / = f(r, 6, (p), we can define 

L fi = e f L ie - f . (19) 
In general Lfi is a non-Hcrmitian operator, however 

[Lf x ,Lf y ] = iL fz , [L fz ,L fx ] = iLfy, [L fy , L fz ] = iL fx , (20) 
that we can identify as the SO(3)-Lie algebra commutation relations. Considering L 2 — L 2 X + L 2 y + L 2 Z and Eq. 



(|20|l . we have 

[L},L fi ]=0, (21) 
therefore, we have the same algebra as the one satisfied by Li. Besides 

L)Y flm {6, <p) = 1(1 + l)Y flm {9, ip), Y flm (9, <p) = e f Y lm (9, <p), (22) 
that will be called "PT-spherical harmonics. In this case, the "PT-inner product is given by 



< Y fVm ,{6,y)\Y nm {e,ip) > f = J d£VPT{y fVm ,{9,<p))Yf lm {9,<p). (23) 

Under a "PT-transformation, we have 

VT(Y flm ) = ef'^^i-YY^^). (24) 

therefore we can write 

Y fl , m ,{o,<p)\Y /lm {0,<p)> f = /^*^-^+ 7r )+^ e ^)y; m ,(0,^„ l (0,^). 



< 

It becomes clear that, under this inner product not any function / allows the set Yfi m to be an orthogonal set. 
However, if the following condition is fulfilled 

e /*(r,*-fl,v.-Hr)+/(r,fl, V ) =Aj A = COllSt (25) 

then we have 

(26) 

In this way, the spherical harmonics Yfi m (9, (p) are orthogonal under the PT-inner product only if Eq. (|25|) is satisfy. 
It is worthy to mention that due to the parity of the wave functions, in some 'PT-symmetry systems the following 
orthogonality relations 

{<t>m\4>n) = (-l)"<5m,n, (27) 

may be obtained [l| . 

IV. COMPLETENESS RELATION 

Using the PT-spherical harmonics Yfi m (9, ip), we can have the expansion 

l 

F(9,(p) =J2 £ a lm Y flm (6^). (28) 

l>0 m=-l 

Appeling to the orthonormality relations Eq. ([26)) . we find 

aim = ^ < Y flm (9,<p)\F(9,<p) > f = [ dnVT(Y flm {0,ip))F{9,<p). (29) 
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substituting this result into Eg. (128)) . we obtain 



F(0,tp) = E / dtf'PT(Y flm (6',<f/))F(8',<f/)Y flm {e,<p) 

7 " 



Z>0 m=-l 



= J dil'F(e',(p') 

= [ dn'F(o',tp r ) 



1 (-)' 



E E y -^vT(Y flm (e'^'))Y flm {e^) 



i>0 m=-l 



EE 

l>0 m=— i 



' p /*(r,7r-0', y '+7r)+/(r,e, V ) 



A 



Y? m (9',<p')Y lrn (6,ip) 



therefore 



S((t> - (f>')S(cos 9 - cos 6>') = E E 



i, pf'(r,n-6',tp'+w)+f(r,9,<p) 



l>0 m=-l 



A 



Y? m {9',y')Y lm {9,y). 



(30) 



This is the completeness relation for the PT-spherical harmonics. A similar completeness relation is found for different 
systems in 'PT-quantum mechanics [1]. 

A. Examples on Completeness 

In this subsection we will see some examples of functions that satisfy Eq. ([231) . 
Let us suppose that a is a real constant, then we can define 



therefore 



where 

A = e a7r . 

In this case, the orthonormality relations are given by 

<Y fVm .{e,<p)\Y ilm {0,<p)> f = {-) l e a *8 vl 8 m , m 
and the completeness relation is given by 

i 

6(<f>-cj> , )d(cos9-co S e , )=Y^ E e a ^YC m (e', v ')Y lm (e^). 

l>0 m=-l 

Now consider 

/(r, 9, ip) = ai sin (9, 

then we obtain 

g/* (r,7r — ,^p+-K)+ f {r.9 .ip) ^ — ai sin 9-\-ia sin 8 ^ ^ 

with the orthonormality relations 

< Yf Vm ,(0,cp)\Yfi m (0,ip) > f = {-) l 5vi5 m , m . 
In this case the completeness relation is given by 



(S(0-0')<J(a>s0-cos0') = E E e 

l>0 m=—l 



fn(sm y— sm 



^Y{ m {e',y')Y lrn {e,ip). 



(31) 
(32) 
(33) 
(34) 

(35) 

(36) 
(37) 
(38) 

(39) 
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Using 

f(r,9,ip) = acos0, (40) 

we have 

e f*(r,TT-0,ip+TT)+f(rfi,ip) _ e -acos0+acos6» _ ^ _ j 

in this case the orthogonality relations are given by 

<Y fVm ,{0,<p)\Y flm {e,<p)> f = {-)%i8 m , m , (42) 
and the completeness relation is given by 

I 

^-4>')<5(cos0-cos0') = E E ^ cose - cose '^Y l * m (9', V ')Y lm (6^). (43) 

l>0 m=— i 

With the function 

f(r,6,<p) = ai<p (44) 

we obtain 

g/*(r,»r-e,p-Hr)+/(r,0,¥>) _ e -ai( l p+7r)+j:a t p _ g — ian _ ^ 

with the orthogonality relation given by 

<Yf Vm ,(0,tp)\Yf lm (O,tp)>f = {-) l e-^6 V i6 mlm , (46) 

and the completeness relation 

I 

6(ct>-<j>')5(cos6-cos9')=J2 E e°*^V ; ;(fi>')F Im («, <p). (47) 

Z>0 m=-Z 

Considering the above examples, it is clear that many functions satisfy Eq. (|2"5|) . 

V. SYMMETRY TRANSFORMATIONS 

Consider A, B, C that satisfy the following commutation relations 

[A,B] = C. (48) 
Transforming the A,B,C operators, we obtain Af = e* Ae~* ,Bf = e^Be~^ y Ct = e-^Ce - ^, then 

[Af,B f ] = C f . (49) 
We know that [Li 7 Xj] = ieijkXk- If we consider the transformation Xfi = e*Xj,e~* = Xi, we arrive to 

[Lfi,Xj] = ie ijk x k , (50) 
therefore the operators Lfi generate infinitesimal rotations in the space xi. However, as pi = —i-^r, then 

[ L fi,Pj]^^ijkPk, (51) 

and we say that the operators Lfi does not generate infinitesimal rotations in the space pi. Now, if pfi is given by 
Pfi = efpie~~f , then we have 

[ L fhPfj]=^ijkPfk- (52) 



Note that 

Pf = e-tpe~t = p + iV/. 

this operator was studied by Dirac in his seminal book 8] . If the Hamiltonian operator is given by 
then 

[Li, H] = 0. 

Defining Hf by 

H f = e f He~ f , 

we have that, in general 

[Li,H f }^0, 

therefore the angular momentum Li is not a conserved quantity for Hamiltonians of the form Hf. However 

[Lfi,Hf] = 0, 

then the modified angular momentum Lf, is conserved. Note that the Hamiltonian Hj is given by 

Bf = ¥- + V(r) = ^ (p + zV/) 2 + V{r) 
Am 2 \ / 

In the next section we will consider one important example. 

VI. THE CENTRAL PROBLEM 

Consider the Hamiltonian 

H=jp 2 + V(x,y,z), 

then 

2 



H f = e f He- f = ^^+iV/) +V[ 



x,y,z) 

= ^ [p 2 + 2iVf-p+(V 2 f)- (V/J"J +V(x,y,z), 
that is a non-Hermitian Hamiltonian. If the potential is given by 

V(x, V,z) = ~ (v 2 / - (V/) 2 ) + (s, y, z), 

then we can write 

Hf = j(p 2 + 2iVf-p)+U(x,y,z). 
This kind of Hamiltonians naturally arise in some statistical models [llj ] . 
Note that if tp is an eigenfunction in the equation 

Hip = Ei]j 
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then we can define the /-states ipf = e^ip that satisfy 

H f ip f = Eip f . (65) 
It follows that although Hf is a non-Hermitian operator it does has a real spectrum. 

As an example, let us consider the central potential problem V(r) whose Schrodinger equation is given by Q 

Hip = {^p 2 + V(r)) ip = Eip (66) 

and whose solutions 

ip E (r,9,<p) = 4> E (r)Yi m (6,<p) (67) 

satisfy the orthogonality relations 

<ipE'(r,0,ip)\ip E (r,9,tp) >= J drr 2 dn^ E ,(r,9,ip)iP E (r,9,ip) = 5 EE .. (68) 
Then the solutions of the equation 

Hfipf 



- l^p 2 + 2iVf ■ p + V 2 / - (V/J I + V(r)\ iPf 
= Eip f (69) 

are given by 

ij Ef (r, 9, ip) = e^ 6 ^(p E {r)Y lm {6, ip). (70) 
The "PT-inner product for the ■(/'/-states is given by 



< i>E'f(r,9,tp)\ip E f(r,9,ip) > f = j drdttVT {ip E > f{r,6,ip)) ip E f(r,9,tp) 

Besides, if f(r,6,ip) satisfies Eq. (|25|) and considering Eq. (|68| . we have 

<il>E>f(r,0,<p)\1>Et(r,0,<p)>f = (-)'A [ drdn ( p* E> (r)(l> E (r)Y l T m ,(9,ip)Y lm (9,cp) 

= A(-) ! <W (71) 
Given that [Li, Hf] ^ 0, it follows that Li is not a conserved quantity. However, as 

[L fi ,H f }=0, (72) 

then Lfi is conserved. 

VII. THE HYDROGEN ATOM 

In the case of the Hydrogen atom, we have the potential 

Ze 2 

V(r) = , (73) 

r 

where the solutions are given by 



E N = ^-2, N = n + l + l, n = 0,1,2- ■■, 

a RB N 2 
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where qrb is the Bohr radius and 



p = ar, a = 2\l—^. (74) 



Taking into account Eq. (|69p . we have the equation 



m 
~2 



p 2 + 2iVf -p + V 2 f - (V/) 



) 3 ) 


Ze 2 " 




r 



^ - E^ f (75) 



whose solutions are given by 



this are orthogonal functions if equation (|25j) is satisfied. A remarkable fact is that Lfi is a conserved quantity. In 
the conventional Hydrogen atom, the Runge-Lenz vector is also conserved Q 

1 /- - Ze 2 r\ 
Ri = -[Lxp-px L+ . (77) 



ipfNi m (p,0,ip) = e S{r,e,ip) i) N i m {p,6,^) (76) 



2 

In the case of the Hamiltonian Hf, we have 

[R fil H f ]=0, (78) 
and we can say that the transformed non-Hermitian Runge-Lenz vector is conserved. 

Note that in this case, we have obtained a set of conserved quantities Lfi,L 2 ,Rfi, that are the non-Hermitian 
generators of the SO (A) algebra. 



VIII. SUMMARY 



In this work we have constructed a set of non-Hermitian operators L f$ that satisfy the commutation relations of the 
50(3)-Lie algebra. We have shown that this operators generate rotations in the configuration space and not in the 
conventional momentum space but in a modified non-Hermitian momentum space pf = p+iV/. It is worthy to mention 
that this operator was originally considered by Dirac in his seminal book. Besides, the Lif generators are related with 
a new type of spherical harmonics that result to be 'P7 _ -orthonormal. Additionally, we have shown that this quantities 
are conserved for mechanical systems described by a central potential Hamiltonian with an additional complex term. 
As a particular case, we have obtained the solutions of the corresponding PT-Hydrogen atom that includes a complex 
term, and we have found that a non-Hermitian Runge-Lenz vector is a conserved quantity. Considering this case, 
one remarkable result is that, as we have obtained the non-Hermitian generators of the SO(3)-Lie algebra and also a 
non-Hermitian Runge-Lenz vector, then we have the non-Hermitian generators of the S*0(4)-Lie algebra. In a future 
work we will study the non-Hermitian generators corresponding to others symmetry groups. 
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